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INTRODUCTION

A KNOWLEDGE of the optical constants of dielectric coatings
and films is relevant to the calculation of radiation properties
such as reflectivity and absorptivity which, in turn, are
employed to determine radiative heat transfer. Several
methods are developed in [1] for deducing optical constants
and film thickness from monochromatic, specular reflec-
tivity measurements at varying angle of incidence. The
methods described therein were formulated for perpendicular
polarized radiation. The purpose of the present note is to
extend the formulation to accommodate parallel polarized
radiation.

The physical situation under study is pictured schematic-
ally in the inset of Fig. 1. Consideration is given both to
transparent films and to slightly absorbing films. Although
the former correspond to the conventional analytical model
for thin dielectric films, the experiments of [1] indicate that
the latter may provide a closer representation to reality.
To facilitate a concise presentation, liberal use will be made
of the findings of [1].

TRANSPARENT FILMS
Consider first a transparent film (#, = n,) on an absorbing
substrate [A; = ny(1 + ix;3)]. For monochromatic, parallel
polarized radiation incident under an angle 6,, the Fresnel

reflection coefficients at the interfaces 1-2 and 2-3, r,, and
p23.respectively, are

n,cosfl; — n,cos 6,

2 = s
n,cos@, + n;cos 9,

pay it = fiycos 8, — n, cos 0, (1)
fizcos B, + nycos 0,
in which ¢, is the phase shift at the interface 2-3. The
angles 8,, 0, and 0, are related by Snell’s law, according
towhichn, sin 8, = n,sin 0, = A sin 0;.

At the Brewster angle defined by 0, = 0% = tan~(n,/n,).
it can be shown that r,, = 0. Furthermore, for situations
characterized by n, =~ 1 and n, > 1, it follows that r,, > 0
for 0, < 0% and r;;, < 0 for 8, > 0%. This behaviour of
r,, introduces interesting differences in the present develop-
ment relative to that for perpendicular polarized radiation.

In terms of the foregoing quantities, the monochromatic
specular reflectivity is expressible as

rdh 4+ pd + 2rapascos(da; + 2P)

T+ ripds + 2r2p53c08 (h23 + 28)
2n
p=|—|nhcos0, (2)
A

0

where A, is the wavelength (in vacuum) of the incident
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radiation. It is seen by ¢xamination of equation (2) that for
fixed values of the optical constants and for a given angle of
incidence #,, the reflectivity R is a periodic function of the
film thicknesst h. The maxima and minima attained by the
periodically varying function R = R{h) are independent
of h and are found from the condition dR/0h = 0, which
gives

¢23+2/9:m7t. m=0.il~¢2.~“ (3)

so that, from eguation {2)
Rogn s = [pas + {~ 1P v 0L + {1 rapa) P )

For i, < 0% where ry; > 0, R, corresponds to odd values
of m while R, corresponds to even values of m. On the
other hand, for #, > 8%, odd and even m correspond
respectively to R and Ry,
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wavelength. The reflectivity curves are bounded by the
envelope curves. When a reflectivity curve is tangent to an
envelope curve, #t atiains R, or R, Also, at the Brewster
angle, the envelope curves and the reflectivity curves are
coincident, regardiess of the film thickness A,

The just discussed characteristics may now be employed
to formulate a method for deducing the refractive index n,
of the film from measured reflectivity data. the film thick-
ness being unknown, Suppose that a reflectivity curve has
been determined experimentally and plotted in a R, 6,
diagram, for example. one of the reflectivity curves of Fig. L.
Then, for the given wavelength 4, and n,, and for known
properties of the subsirate {ie. n; x3) a succession of
envelope curves can be evaluated from equation (4} for
parametric values of n,. That value of n, which gives rise
to a condition of tangency between the reflectivity curve
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Frc. 1. Hlustrative envelope curves and reflectivity curves.

For given ophical constants n,, n,. 73, K3 and a given
wavelength A, equation (4) can be employed to generate
a pair of envelope curves in a diagram of R vs. 0. Such
envelope curves are illustrated in Fig. 1, where n, = L
e o= 3, By = 126 Ky = &15, and Ay = (063 p {the value
w1, = 2 is representative of 2 number of optical materials,
whereas the n,, %, are for an aluminum substrate} The
curves are seen to intersect at the Brewster angle 6%, which,
for the case under consideration, is approximately 63-5°.

In addition to the envelope curves, Fig. 1 contains three
other curves, each of which depicts the variation of reflec-
tivity with incidence angle for a film of thickness & and for
the aforementioned values of the optical constants and

+ Except at 8, = 8%, where R is independent of 4.

and the envelope curves is the refractive index of the film.
An internal verification of the just-outlined procedure is

afforded by the requirement that the reflectivity curve must
pass through the point of intersection of the envelope curves.

It may also be observed from Fig. | that at angles smaller
than the Brewster angle, the tangencies between the reflec-
tivity curve and the envelope curves are essentially coincident
with the minima and maxima of the former {(defined by
8R/30, = 0). The sharper the minimum (or maximum), the
more closely does it coincide with a poemt of tangency. If a
point of tangency and a minimum of the reflectivity curve
are assumed to be coincident, then n; can be calculated by
an alternate procedure to that described above. The value
of R and the angle 4, at a minimum point of the measured
reflectivity curve are noted. With this information as input,
and for given values of 1y, n;. x; and A,. the only unknown



SHORTER COMMUNICATIONS

appearing in equation (4) is n,, so that its value can be
determined.

Once n, is known, then the film thickness h is determined
by employing equation (3), which, after substitution of £
from equation (2) and use of Snell’s law, becomes

h= [10/47‘\/‘"2 —ni sinzﬂ,)](mn — ¢23) {5)

where ¢, ; is an algebraic function of ny, n,, n3, k3 and 8,, all
of which are known, The procedures for determining # from
equation (5) are the same as those used in connection with
equation {10) of [1].

SLIGHTLY ABSORBING FILMS
For the case of an absorbing film [#, = n{1 + ix;)] on
an absorbing substrate [#; = ns(l + ik;)], the Fresnel
reflection coefficients py, and p,; for monochromatic,
parallel polarized radiation are given by
® fiycos0, — n,cos 6,
P80 = o=,
fi,cos 0, + n, cos b,
Aycos B, — Ay cos Oy

P393 = S ==
Azycos 0, + i, cos Oy

{6)

where ¢, and ¢,; are corresponding phase shifts. In turn.
the specular reflectivity R is expressible as
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in which = (2n/Ao)h, and u, and v, are algebraic functions
of ny, n,, k, and B, expressed by equation (23) of [1].

Consideration is now given to slightly absorbing films,
that is. k; < 1. To assist in visualizing the effect of small
k, on the reflectivity distribution, equation (7) has been
numerically evaluated and the corresponding results are
plotted in Figs. 2 and 3. Each figure shows the variation of
R as a function of the incidence angle 8, for parametric
values of x,. Figure 2 is for h = 2'5 p. while Fig. 3 is for
h = 5Sp Inbothfigures.n; = Lny = 2,03 = 121 x5 = 615
and i, = 063 .

The figures show a rather remarkable result, namely, that
the magnitude of the reflectivity is strongly affectedt by
small x,, but the angular positions of the maxima and
minima are insensitive to x,. In particular, the angles at
which the maxima and minima occur for small values of
x, are essentially the same as those for x, = 0.

The foregoing observation forms the basis for a method
for deducing n,, k, and h from a measured distribution of
monochromatic, specular reflectivity as a function of
incidence angle. Among the minima and maxima of the
reflectivity curve, two are selected and their angular positions
are identified as ,,, and 8,,,. It is then assumed that these
@11y and 8,,, also mark the positions of the corresponding
extremums in the R. 8, distribution for an otherwise identical

pie® ™ + pihe T + 2,053,008 (P23 — P45 + 2uam)

™)

- e 4 Plzzpzzse_zv” + 2py2023€08 (P23 + Pz + 2uyn)
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F1G. 2. Effect of x, on the reflectivity, h = 2'5 .

1 Owing to this effect of small x,. reflectivity curves
corresponding to films of different thickness will not inter-
sect at the Brewster angle. Consequently, the method of
Abeles [2] for determining n, for transparent films does not
apply for slightly absorbing films.
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F1G. 3. Effect of x, on the reflectivity, h = 5 p.
film-substrate system but with x, == 0. Furthermore, it is ACKNOWLEDGEMENT

additionally assumed that the 6,,,and 0,,,can be associated
with the angular positions of tangencies between the x, = 0
reflectivity curve and the envelope curves.

With these postulates, the calculation procedure outlined
in [1] for perpendicular polarized radiation can now be
employed for parallel polarized radiation. In the execution
of the method, equation (10) of the reference is replaced by
equation (5) with ¢,; from equation (1). The assignment of
even or odd values to m is based on the rules stated in the
text following equation (4).

Experiments described in {1] have established the
practical utility of these methods for determining the optical
constants and thickness of thin films.
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1. INTRODUCTION
THE PRANDTL number effect on fully developed laminar

forced convection heat transfer with secondary flow was
studied recently for uniformly heated horizontal tubes [1]



